A matrix model for 2D quantum gravity defined by Causal dynamical triangulations  by Ambjørn, J. et al.
Physics Letters B 665 (2008) 252–256Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
A matrix model for 2D quantum gravity deﬁned by Causal dynamical
triangulations
J. Ambjørn a,b, R. Loll b,∗, Y. Watabiki c, W. Westra d, S. Zohren e
a The Niels Bohr Institute, Copenhagen University, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark
b Institute for Theoretical Physics, Utrecht University, Leuvenlaan 4, NL-3584 CE Utrecht, The Netherlands
c Tokyo Institute of Technology, Department of Physics, High Energy Theory Group, 2-12-1 Oh-okayama, Meguro-ku, Tokyo 152-8551, Japan
d Department of Physics, University of Iceland, Dunhaga 3, 107 Reykjavik, Iceland
e Blackett Laboratory, Imperial College, London SW7 2AZ, UK
a r t i c l e i n f o a b s t r a c t
Article history:
Received 12 June 2008
Accepted 15 June 2008
Available online 19 June 2008
Editor: L. Alvarez-Gaumé
A novel continuum theory of two-dimensional quantum gravity, based on a version of Causal Dynamical
Triangulations which incorporates topology change, has recently been formulated as a genuine string
ﬁeld theory in zero-dimensional target space [J. Ambjørn, R. Loll, Y. Watabiki, W. Westra, S. Zohren, arXiv:
0802.0719]. Here we show that the Dyson–Schwinger equations of this string ﬁeld theory are reproduced
by a cubic matrix model. This matrix model also appears in the so-called Dijkgraaf–Vafa correspondence
if the superpotential there is required to be renormalizable. In the spirit of this model, as well as the
original large-N expansion by ’t Hooft, we need no special double-scaling limit involving a ﬁne tuning
of coupling constants to obtain the continuum quantum-gravitational theory. Our result also implies a
matrix model representation of the original, strictly causal quantum gravity model.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
Dynamical triangulations (DT) were introduced as a regulariza-
tion of the Polyakov bosonic string and of two-dimensional quan-
tum gravity [1–3]. Using this regularization, one could show that
a tachyon-free version of Polyakov’s bosonic string theory does
not exist in target space dimensions d > 1 [4]. However, when
viewed as a theory of 2d quantum gravity coupled to matter with
central charge c  1, the theory (non-critical string theory) did
make sense. Using matrix-model techniques and other combinato-
rial methods, it was sometimes even advantageous to use the regu-
larized theory for analytic calculations. Related attempts to use DT
as a regularization of higher-dimensional quantum gravity [5] were
less successful [6]. This triggered the introduction of Causal Dy-
namical Triangulations (CDT), which use causal, Lorentzian instead
of Euclidean curved spacetimes as a fundamental input. Evidence
has been accumulating that they provide us with a non-trivial the-
ory of quantum gravity in four dimensions [7,8].
While the higher-dimensional DT and CDT theories of quantum
gravity at this point rely strongly on numerical simulations, the
2d CDT theory of quantum gravity can be solved analytically [9],
like its 2d Euclidean DT counterpart. This is described in detail
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doi:10.1016/j.physletb.2008.06.026in two recent papers, where we have also developed a complete
string ﬁeld theory in a zero-dimensional target space for the CDT
version of 2d quantum gravity [10,11].1 This string ﬁeld theory or
third quantization of 2d quantum gravity uses the formalism al-
ready developed by Ishibashi, Kawai and collaborators for the DT
version of 2d quantum gravity in the context of non-critical string
theory [12,13]. For non-critical string theory, it is known from [12]
that the string ﬁeld theory reproduces the results of the double-
scaling limit of the matrix models whenever the results can be
compared.
Given the formal similarity between the CDT string ﬁeld theory
and the non-critical string ﬁeld theory, it is natural to ask whether
there also exists a matrix model which reproduces the results of
the former. Below we will show that the answer is in the aﬃrma-
tive. However, since the scaling found in the CDT model is different
from the conventional double-scaling limit of matrix models, a dif-
ferent limit needs to be taken. We will show that the limit is
simply the conventional limit used in the context of the Dijkgraaf–
Vafa duality to U (N) supersymmetric gauge theories [14].
2. CDT string ﬁeld theory
We have recently developed a string ﬁeld theory for Causal
Dynamical Triangulations [11]. The starting point of the CDT quan-
1 Due to the inclusion of higher-genus surfaces, this amounts to a non-trivial gen-
eralization of the original, strictly causal CDT formulation.
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integral over spacetimes with a Lorentzian signature only causal
geometries should be included, an idea dating back at least to
[15]. How this can be done explicitly in a regularized theory, how
one can rotate to Euclidean signature to perform explicit calcula-
tions, and eventually take the cut-off (or lattice spacing) to zero
is described in detail in [9] for two and in [16] for three and four
spacetime dimensions. We demonstrated in [10] how one can still
solve the 2d model analytically when the original formulation is
extended to allow the light-cone structure to become degenerate
in isolated points. In [11] we generalized these results to a gen-
uine string ﬁeld theory, which enabled us in principle to calculate
the amplitudes of certain spatial correlators, for two-dimensional
worldsheets of any topology.2
Let us brieﬂy deﬁne the CDT string ﬁeld theory, while referring
to [11] for details. We will work in a Euclidean notation, which
means that we started out with a Lorentzian signature, regular-
ized the theory, rotated it to Euclidean signature as described in
[9] and then took the lattice cut-off a to zero. In particular, this
implies that all quantities discussed below are already continuum
quantities.
We have a “free” Hamiltonian H0 which describes the causal
propagation of a spatial universe with respect to proper time t .
Let a spatial universe with the topology of a circle of length l2
(the “exit” loop) be separated a geodesic distance t from another
spatial loop of length l1 (the “entrance” loop), and denote the cor-
responding amplitude by G(0)λ (l1, l2; t). It is represented by the path
integral
G(0)λ (l1, l2; t) =
∫
D[gμν ]e−S[gμν ], (1)
with the (Euclidean) gravity action
S[gμν ] = λ
∫
d2ξ
√
det gμν(ξ) + x
∮
dl1 + y
∮
dl2, (2)
where λ is the cosmological constant, x and y are two so-called
boundary cosmological constants, gμν is a metric representing the
geometry (diffeomorphism equivalence class) [gμν ], which is as-
sumed to be strictly causal in the sense of the original CDT model
[9]. This means essentially that the topology of its spatial sections
will not change as time advances. We choose the spacetime to
have the topology of a cylinder, S1 × [0,1]. In a Hilbert space lan-
guage one has [9]
G(0)λ (l1, l2; t) = 〈l2|e−t H0(l)|l1〉, H0(l) = −l
d2
dl2
+ λl. (3)
Next, we will generalize the class of geometries integrated over in
the path integral (1). As a function of time t , spatial geometries
will be allowed to branch into disconnected circles, and the re-
sulting baby universes can subsequently merge again. Furthermore,
a spatial universe will be allowed to vanish into the “vacuum” if
it has length zero. These topology-changing processes can be de-
scribed by the string ﬁeld Hamiltonian
Hˆ =
∫
dl
l
Ψ †(l)H0(l)Ψ (l) − g
∫
dl1
∫
dl2 Ψ
†(l1)Ψ
†(l2)Ψ (l1 + l2)
− αg
∫
dl1
∫
dl2 Ψ
†(l1 + l2)Ψ (l2)Ψ (l1) −
∫
dl
l
δ(l)Ψ (l). (4)
The operator Hˆ is a “second quantized” Hamiltonian in the sense
of many-body theory. We introduce creation and annihilation op-
erators Ψ †(l) and Ψ (l) for universes of length l which act on the
above-mentioned vacuum state |0〉, with deﬁning relations
2 For earlier results in this direction we refer to [17].Fig. 1. A typical geometry in the string ﬁeld theory contributing to the amplitude
w(l1, . . . , ln) of Eq. (6). Proper time progresses upwards. The dots mark singular
points of the causal structure.
|l〉 = Ψ †(l)|0〉, Ψ (l)|l〉 = |0〉,
Ψ (l)|0〉 = 〈0|Ψ †(l) = 0, [Ψ (l),Ψ †(l′)]= lδ(l − l′). (5)
In (4), g is a coupling constant of mass dimension 3, and α is a
dimensionless parameter allowing us to distinguish between the
merging and splitting of universes, which will be set to 1 at the
end of the calculation. For α = 1, Hˆ is hermitian except for the
presence of the tadpole term proportional to δ(l). It tells us that a
universe can vanish when it has zero length, but cannot be created
from nothing. Also the two interaction terms have a straightfor-
ward geometric interpretation. The ﬁrst term replaces a single spa-
tial universe of length l1 + l2 with two spatial universes of length
l1 and l2, while the second term represents the time-reversed pro-
cess where two spatial universes merge into one, again without
changing the total length l1 + l2. The coupling constant g clearly
takes on the role of string coupling constant, since the splitting
of spatial universes is associated with a factor g and the merging
with a factor αg , making for a combined factor of αg2 whenever
the spacetime topology changes (see [11] for a detailed discussion).
We can use the string ﬁeld theory associated with Hˆ to calcu-
late connected multi-loop correlators deﬁned by
w(l1, . . . , ln) = lim
t→∞〈0|e
−t HˆΨ †(l1) · · ·Ψ †(ln)|0〉connected. (6)
They describe all possible ways in which an initial state of n spa-
tial loops can evolve and eventually vanish into the vacuum, while
forming a connected two-dimensional geometry (cf. Fig. 1). The
amplitudes w(l1, . . . , ln) are determined from the string ﬁeld the-
ory “partition function”
Z( J ) = lim
t→∞〈0|e
−t Hˆe
∫
dl J (l)Ψ †(l)|0〉, (7)
through the prescription
w(l1, . . . , ln) = δ
n F ( J )
δ J (l1) · · · δ J (ln)
∣∣∣∣
J=0
, F ( J ) = log Z( J ). (8)
In [11] we derived the Dyson–Schwinger equations for the corre-
lators w(l1, . . . , ln). They follow from the t-independence of Z( J ),
which leads to the relation
0 =
∞∫
0
dl J (l)
{
H0(l)
δF ( J )
δ J (l)
− δ(l) − gl
l∫
0
dl′ δ
2F ( J )
δ J (l′)δ J (l − l′)
− gl
l∫
dl′ δF ( J )
δ J (l′)
δF ( J )
δ J (l − l′) − αgl
∞∫
dl′ l′ J (l′) δF ( J )
δ J (l + l′)
}
. (9)0 0
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w(l1, . . . , ln) by differentiating (9) n times with respect to J (l) and
then setting J (l) = 0. The general equation at order n can be writ-
ten down easily, but is involved. We will give only the ﬁrst three
equations explicitly, from which the general structure should be
clear. The Dyson–Schwinger equations are most conveniently for-
mulated in terms of the Laplace-transformed amplitudes
w(x1, . . . , xn) ≡ 1
αn−1
∞∫
0
dl1 · · ·
×
∞∫
0
dln e
−x1l1−···−xnln w(l1, . . . , ln), (10)
where for convenience we have rescaled the amplitudes by a factor
αn−1, compared with the convention used in [11]. Introducing the
notation
V ′(x) = 1
g
(λ − x2), V (x) = 1
g
(
λx− 1
3
x3
)
, (11)
we obtain from (9) (see [11] for details) the equations
0 = ∂x
(−V ′(x)w(x) + w2(x) + αw(x, x))− 1
g
, (12)
0 = ∂x
([−V ′(x) + 2w(x)]w(x, y) + αw(x, x, y))
+ ∂y
([−V ′(y) + 2w(y)]w(x, y) + αw(x, y, y))
+ 2∂x∂y
(
w(x) − w(y)
x− y
)
, (13)
0 = ∂x
([−V ′(x) + 2w(x)]w(x, y, z) + αw(x, x, y, z))
+ ∂y
([−V ′(y) + 2w(y)]w(x, y, z) + αw(x, y, y, z))
+ ∂z
([−V ′(z) + 2w(z)]w(x, y, z) + αw(x, y, z, z))
+ 2∂x
[
w(x, y)w(x, z)
]+ 2∂y[w(x, y)w(y, z)]
+ 2∂z
[
w(x, z)w(y, z)
]+ 2(∂x∂y w(x, z) − w(y, z)
x− y
+ ∂x∂z w(x, y) − w(y, z)
x− z + ∂y∂z
w(x, y) − w(x, z)
y − z
)
. (14)
Let us introduce the expansion3
w(x1, . . . , xn) =
∞∑
h=0
αhwh(x1, . . . , xn). (15)
As shown in [11], h can be interpreted as the number of handles of
the worldsheet, and the equations above can be solved iteratively
in h. More precisely, the equations at order α0 allow us to deter-
mine w0(x), w0(x, y), . . . , and similarly the equations at general
order αh determine wh(x), wh(x, y), etc. For example, one ﬁnds
w0(x) = 1
2
(
V ′(x) + 1
g
(x− c)√(x− c−)(x− c+)
)
, (16)
w0(x, y) = 1
2
1
(x− y)2
×
(
xy − 12 (c− + c+)(x+ y) + c−c+√
(x− c−)(x− c+)
√
(y − c−)(y − c+)
− 1
)
, (17)
where the constants c, c± are determined by
c3 − λc + g = 0, c± = −c ±
√
2g/c. (18)
3 Note that both w and wh are still g-dependent, although we do not write the
dependence explicitly here.Writing the amplitudes in this fashion leads one to the surprising
realization that w0(x) and w0(x, y) coincide with the large-N limit
of the resolvent and the planar loop–loop correlator [18–20] of the
Hermitian matrix model with potential
V (M) = λ
g
M − 1
3g
M3. (19)
This is a potentially exciting result, because so far no standard for-
mulation in terms of matrix models has been found for a CDT
model, in contrast to the “old” Euclidean DT models. We will in the
following section prove a more general result, which will identify
the Dyson–Schwinger equations derived above with the loop equa-
tions of a Hermitian matrix model with the cubic potential (19).
3. Matrix loop equations
Let M denote an N × N Hermitian matrix, V (M) a potential of
the form
V (M) = −
∞∑
k=1
gk
k
Mk, (20)
and deﬁne the functions
W (x1, . . . , xn) = Nn−2
〈(
tr
1
x1 − M
)
· · ·
(
tr
1
x1 − M
)〉
c
. (21)
The subscript c in 〈O 1(M) · · · On(M)〉c denotes the connected part
of the expectation value, which itself is deﬁned as
〈
O 1(M) · · · On(M)
〉=
∫
dM O 1(M) · · · On(M)e−N tr V (M)∫
dM e−N tr V (M)
. (22)
It is well known that the matrix integrals corresponding to (21)
possess a large-N expansion. Assume we have the so-called one-
cut solution related to this expansion. The invariance of the matrix
integral under a change in variables leads to the loop equation
[18–20]∫
C
dz
2π i
V ′(z)
x− z W (z) = W
2(x) + 1
N2
W (x, x), (23)
where the integration contour C encloses the cut, but not the
point x. From this equation one can obtain the equations for the
multi-loop correlators by differentiating with respect to the cou-
pling constants gk in terms of the so-called loop insertion operator
[19,21] according to
W (x1, . . . , xn) = d
n−1
dV (x2) · · ·dV (xn)W (x1), (24)
where the insertion operator is given by
d
dV (x)
=
∞∑
k=1
k
xk+1
d
dgk
. (25)
For a given potential with ﬁxed coupling constants g0k one uses
these relations in the following way. Assume that gk can vary, act
with the loop insertion operator on (23) as many times as needed,
and then set gk = g0k . This leads to the desired loop equations.
In order to compare with the Dyson–Schwinger equations of our
string ﬁeld theory, we differentiate the equations obtained with
respect to x, and ﬁnally ﬁnd for the potential (19) the equations
0 = ∂x
(
−V ′(x)W (x) + W 2(x) + 1
N2
W (x, x)
)
− 1
g
, (26)
0 = ∂x
([−V ′(x) + 2W (x)]W (x, y) + 1
N2
W (x, x, y)
)
+ ∂x∂y
(
W (x) − W (y)
x− y
)
, (27)
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([−V ′(x) + 2W (x)]W (x, y, z) + 1
N2
W (x, x, y, z)
)
+ 2∂x
(
W (x, z)W (x, y)
)+ ∂x∂y
(
W (x, z) − W (y, z)
x− y
)
+ ∂x∂z
(
W (x, y) − W (z, y)
x− z
)
. (28)
Using that W (x1, . . . , xn) is a symmetric function of its arguments,
we see that Eqs. (26)–(28) lead to exactly the same coupled equa-
tions for W as do (12)–(14) for w if we identify
α = 1
N2
. (29)
In this case the discussion surrounding the expansion (15) is noth-
ing but the standard discussion of the large-N expansion
W (x1, . . . , xn) =
∞∑
h=0
1
N2h
Wh(x1, . . . , xn) (30)
of the multi-loop correlators (see, for instance, [21] or the more
recent papers [22,23]). The iterative solution of these so-called
loop equations is uniquely determined by W0(x) (and the assump-
tion that W (x1, . . . , xn) is analytic in those xi that do not belong
to the cut of the matrix model), and we have already seen that
W0(x) = w0(x).
4. Discussion and outlook
Let us consider the matrix model corresponding to the potential
(19). We can perform a simple change of variables M → −M − √λ
in the matrix integral to obtain a standard matrix integral
Z(m, g) =
∫
dM e−NV (M), (31)
where the new potential (up to an irrelevant constant term) is
given by
V (M) = 1
g
(
1
2
mM2 + 1
3
M3
)
, m = 2√λ. (32)
It is amusing to note that the matrix integral (31) is precisely the
kind of matrix integral considered in the so-called Dijkgraaf–Vafa
correspondence [14], where V (Φ) is the tree-level superpotential
of the adjoint chiral ﬁeld Φ , which breaks the supersymmetry of
the unitary gauge theory from N = 2 to N = 1. If one demands
that this tree-level potential correspond to a renormalizable the-
ory, its form is essentially unique, and precisely of the form (32)
originally used by Dijkgraaf and Vafa, with g a dimension-three
coupling constant coming from topological string theory and in the
DV-correspondence related to the glueball superﬁeld condensate in
the gauge theory.
In the “old” matrix model representation of non-critical strings
and 2d gravity one had to perform a ﬁne-tuning of the coupling
constants in order to obtain a continuum string or quantum gravity
theory. This implemented the gluing of triangles (or, more gener-
ally, of squares, pentagons, etc.) which served as a regularization
of the worldsheet. The ﬁne-tuning of the coupling constants re-
ﬂected the fact that the link length of the triangles (the lattice
spacing of the dynamical lattice) was taken to zero in the con-
tinuum limit. The situation here is different. Although CDT can
be constructively deﬁned as the continuum limit of a dynamical
lattice, we have in the present work been dealing only with the
associated continuum theory. Thus in our case the matrix model
with the potential (19) (or (31)) already describes a continuum the-
ory of 2d quantum gravity. Its coupling constants can be viewed as
continuum coupling constants and the role of N is exactly as in
the original context of QCD, namely, to reorganize the expansionin the coupling constant g . ’t Hooft’s large-N expansion of QCD
is a reorganization of the perturbative series in the Yang–Mills
coupling gYM, with 1/N taking the role of a new expansion pa-
rameter. In this framework, after the coeﬃcient of the term 1/N2h
of some observable has been calculated as function of the ’t Hooft
coupling g2H = g2YMN , one must take N = 3 for SU (3), say. The situ-
ation in CDT string ﬁeld theory is entirely analogous: starting from
a perturbative expansion in the “string coupling constant” g (in
fact, in the dimensionless coupling constant g/λ3/2, as described
in [10,11]), we can reorganize it as a topological expansion in the
genus of the worldsheet by introducing the expansion parame-
ter α. For the multi-loop correlators this expansion is exactly the
large-N expansion of the matrix model (19) and the coeﬃcients,
the functions Wh(x1, . . . , xn), are exactly the multi-loop correla-
tors for genus-h worldsheets of the CDT string ﬁeld theory with
α = 1.
As a “bonus” for our treatment of generalized (and therefore
slightly causality-violating) geometries, we also obtain a matrix
formulation of the original two-dimensional CDT model proposed
in [9], where the spatial universe was not allowed to split. Working
out the limit as g → 0 of the various expressions derived above,
we see that this model corresponds to the large-N limit of the
matrix model where the coupling constants go to inﬁnity, but at
the same time the cut shrinks to a point in such a way that the
resolvent (or disk amplitude) survives, that is,
w0(x) → 1
x+ √λ = wCDT(x). (33)
The existence of a matrix model describing the algebraic structure
of the Dyson–Schwinger equations leads automatically to the exis-
tence of Virasoro-like operators Ln , n  −1 [18,19], which can be
related to redeﬁnitions of the time variable t in the string ﬁeld the-
ory. This line of reasoning has already been pursued by Ishibashi,
Kawai and collaborators in the context of non-critical string ﬁeld
theory. It would be interesting to perform the same analysis in the
CDT model and show that reparametrization under the change of
time-variable will reappear in a natural way in the model via the
operators Ln . The results should be simpler and more transparent
than the corresponding results in non-critical string ﬁeld theory
since we have a non-trivial free Hamiltonian H0 in the CDT model.
Acknowledgements
J.A., R.L., W.W. and S.Z. acknowledge support by ENRAGE (Eu-
ropean Network on Random Geometry), a Marie Curie Research
Training Network in the European Community’s Sixth Frame-
work Programme, network contract MRTN-CT-2004-005616. R.L.
acknowledges support by the Netherlands Organisation for Scien-
tiﬁc Research (NWO) under their VICI program.
References
[1] J. Ambjørn, B. Durhuus, J. Fröhlich, Nucl. Phys. B 257 (1985) 433;
J. Ambjørn, B. Durhuus, J. Fröhlich, P. Orland, Nucl. Phys. B 270 (1986) 457.
[2] F. David:, Nucl. Phys. B 257 (1985) 543;
A. Billoire, F. David, Nucl. Phys. B 275 (1986) 617.
[3] V.A. Kazakov, A.A. Migdal, I.K. Kostov, Phys. Lett. B 157 (1985) 295.
[4] J. Ambjørn, B. Durhuus, Phys. Lett. B 188 (1987) 253.
[5] J. Ambjørn, J. Jurkiewicz, Phys. Lett. B 278 (1992) 42.
[6] P. Bialas, Z. Burda, A. Krzywicki, B. Petersson, Nucl. Phys. B 472 (1996) 293,
hep-lat/9601024.
[7] J. Ambjørn, A. Görlich, J. Jurkiewicz, R. Loll, Phys. Rev. Lett. 100 (2008) 091304,
arXiv: 0712.2485 [hep-th].
[8] J. Ambjørn, J. Jurkiewicz, R. Loll, Phys. Rev. D 72 (2005) 064014, hep-th/
0505154;
J. Ambjørn, J. Jurkiewicz, R. Loll, Phys. Rev. Lett. 95 (2005) 171301, hep-th/
0505113;
J. Ambjørn, J. Jurkiewicz, R. Loll, Phys. Lett. B 607 (2005) 205, hep-th/0411152;
256 J. Ambjørn et al. / Physics Letters B 665 (2008) 252–256J. Ambjørn, J. Jurkiewicz, R. Loll, Phys. Rev. Lett. 93 (2004) 131301, hep-th/
0404156.
[9] J. Ambjørn, R. Loll, Nucl. Phys. B 536 (1998) 407, hep-th/9805108.
[10] J. Ambjørn, R. Loll, W. Westra, S. Zohren, JHEP 0712 (2007) 017, arXiv:
0709.2784 [gr-qc].
[11] J. Ambjørn, R. Loll, Y. Watabiki, W. Westra, S. Zohren, arXiv: 0802.0719 [hep-
th];
J. Ambjørn, R. Loll, Y. Watabiki, W. Westra, S. Zohren, arXiv: 0802.0896 [hep-
th].
[12] N. Ishibashi, H. Kawai, Phys. Lett. B 314 (1993) 190, hep-th/9307045;
N. Ishibashi, H. Kawai, Phys. Lett. B 322 (1994) 67, hep-th/9312047;
N. Ishibashi, H. Kawai, Phys. Lett. B 352 (1995) 75, hep-th/9503134.
[13] H. Kawai, N. Kawamoto, T. Mogami, Y. Watabiki, Phys. Lett. B 306 (1993) 19,
hep-th/9302133;
M. Ikehara, N. Ishibashi, H. Kawai, T. Mogami, R. Nakayama, N. Sasakura, Phys.
Rev. D 50 (1994) 7467, hep-th/9406207;
M. Ikehara, N. Ishibashi, H. Kawai, T. Mogami, R. Nakayama, N. Sasakura, Prog.
Theor. Phys. Suppl. 118 (1995) 241, hep-th/9409101;
Y. Watabiki, Nucl. Phys. B 441 (1995) 119, hep-th/9401096;
H. Aoki, H. Kawai, J. Nishimura, A. Tsuchiya, Nucl. Phys. B 474 (1996) 512, hep-
th/9511117;J. Ambjørn, Y. Watabiki, Int. J. Mod. Phys. A 12 (1997) 4257, hep-th/9604067.
[14] R. Dijkgraaf, C. Vafa, Nucl. Phys. B 644 (2002) 3, hep-th/0206255;
R. Dijkgraaf, C. Vafa, hep-th/0208048.
[15] C. Teitelboim, Phys. Rev. Lett. 50 (1983) 705;
C. Teitelboim, Phys. Rev. D 28 (1983) 297.
[16] J. Ambjørn, J. Jurkiewicz, R. Loll, Phys. Rev. D 72 (2005) 064014, hep-th/
0505154;
J. Ambjørn, J. Jurkiewicz, R. Loll, Nucl. Phys. B 610 (2001) 347, hep-th/0105267.
[17] R. Loll, W. Westra, Acta Phys. Pol. B 34 (2003) 4997, hep-th/0309012;
R. Loll, W. Westra, Class. Quantum Grav. 23 (2006) 465, hep-th/0306183;
R. Loll, W. Westra, S. Zohren, Nucl. Phys. B 751 (2006) 419, hep-th/0507012.
[18] F. David, Mod. Phys. Lett. A 5 (1990) 1019.
[19] J. Ambjørn, J. Jurkiewicz, Yu.M. Makeenko, Phys. Lett. B 251 (1990) 517.
[20] J. Ambjørn, Yu.M. Makeenko, Mod. Phys. Lett. A 5 (1990) 1753.
[21] J. Ambjørn, L. Chekhov, C.F. Kristjansen, Yu. Makeenko, Nucl. Phys. B 404 (1993)
127, hep-th/9302014;
J. Ambjørn, L. Chekhov, C.F. Kristjansen, Yu. Makeenko, Nucl. Phys. B 449 (1995)
681, Erratum.
[22] B. Eynard, JHEP 0411 (2004) 031, hep-th/0407261.
[23] L. Chekhov, B. Eynard, JHEP 0603 (2006) 014, hep-th/0504116.
